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Abstract
We embed the Wess-Zumino (WZ) model in a wider superspace than the one described by chiral
and anti-chiral superfields.
1. There is a systematic and interesting formalism
for embedding, developed by Batalin, Fradkin, Fradkina,
and Tyutin (BFFT) [1], where theories with second-class
constraints [2] are transformed into more general (gauge)
theories where all constraints become first-class. The
transformation of constraints from second to first-class
is achieved after extending the phase space by means of
auxiliary variables under the general rule that there is
one pair of canonical variables for each second class con-
straint. The method is iterative and can stop in the first
step [3] or can go on indefinitely [4,5]. In any case, after
all constraints have been transformed into first-class, it
is necessary to look for the Hamiltonian corresponding to
this new theory. The method also permit us to obtain any
involutive quantity that has zero Poisson brackets with
all the constraints. The embedding Hamiltonian can be
obtained in this way, starting from the initial canonical
Hamiltonian and iteratively calculating the correspond-
ing corrections.
There is another manner to obtain an embedding
Hamiltonian, which consists in using the BFFT method
to obtain involutive coordinates [4]. The canonical
Hamiltonian is then rewritten in terms of these new co-
ordinates that automatically give it the involutive con-
dition. Of course, the embedding Hamiltonians obtained
from these two different ways are not necessarily equal.
This means that for some specific theory there may exist
more than one possible embeddings. It is also opportune
to say, on the other hand, that there are theories which
cannot be embedded [6].
One of the interesting problem that the BFFT method
could be addressed is the covariant quantization of su-
perparticles and superstrings, that remained opened for
a long time. This problem has been solved in a embed-
ding procedure but differently of the BFFT method [7].
In fact, the meaning of embedding in field theory can
be taken as much wider than the cases described by the
BFFT method. The important point is that the embed-
ding theory contains all the physics of the embedded one.
We mention, for example, even the general procedure of
supersymmetrization is an example of embedding.
We would like to address the present paper to this
point of view of considering the embedding procedure in
a wider way. We concentrate on the WZ model [8] in su-
perfield language [9,10]. Conventionally, the WZ model
is always developed in terms of chiral and antichiral su-
perfields, that are examples of irreducible superfields. We
shall consider here a kind of embedding where we describe
the WZ model by using a more general superfield repre-
sentation. We shall see that, contrarily to the bosonic
nature of the chiral and antichiral superfields, the gen-
eral superfield we have to use is fermionic. We shall also
see that there are two possible terms that can figure in
the Lagrangian and having a relative parameter between
them. The consistency of the obtained theory can be
verified by showing it has the same physics of the WZ
model. Finally, we know that a characteristic of embed-
ding theories is that they have more symmetries than the
embedded one. The same also occurs here. We can show
that for an specific value of the relative parameter be-
tween the two terms of the Lagrangian, there is a kind of
gauge symmetry relating all the fields of the theory.
2. In order to fix the notation and make future com-
parisons, let us write down the general form of the real
and scalar superfield,
Φ(x, θ) = A(x) + θ¯ψ(x) +
1
2
θ¯θ B(x)
+
i
2
θ¯γ5θ C(x) +
1
2
θ¯γµγ5θ Aµ(x)
+
1
2
θ¯θθ¯ λ(x) +
1
4
(θ¯θ)2D(x) , (1)
Here, all the spinors are Majorana and are in the Majo-
rana representation (their components are real). We ob-
serve that it contains eight bosonic and eight fermionic
degrees of freedom. We are going to work in four compo-
nent notation for the spinor fields. In the Appendix, we
1
give more details about the notation and convention we
are using and list some useful identities.
The irreducible positive and negative chiral superfields,
that contains just four components, are given by
Φ+(x, θ) = φ(x) +
i
2
θ¯γµγ5θ∂µφ−
1
8
(θ¯θ)2 ✷φ
+
1
2
θ¯(1 + γ5)ψ(x) −
i
4
θ¯θθ¯γµ(1 + γ5) ∂µψ
+
1
4
θ¯(1 + γ5)θ F (x) , (2)
Φ−(x, θ) = φ
∗(x) −
i
2
θ¯γµγ5θ∂µφ
∗ −
1
8
(θ¯θ)2✷φ∗
+
1
2
θ¯(1− γ5)ψ(x) −
i
4
θ¯θθ¯γµ(1− γ5) ∂µψ
+
1
4
θ¯(1− γ5)θ F
∗(x) . (3)
The WZ model [8,10] is directly obtained (up to some
general constant factor) from an action given by the
product of positive and negative chiral superfields, S =∫
d4xd4θΦ+Φ−.
3. We first observe that the formulation of a supersym-
metric theory, using general superfields and that contains
the WZ model as a particular case, cannot be done in
terms of covariant derivatives over the scalar superfield.
This is so because it would violate the correct mass di-
mension of the superfield Lagrangian, that should be two.
The correct way is starting from a fermionic superfield,
whose general form reads
Ψα(x, θ) = χα(x) + θαφ(x) +
1
2
θ¯θ ψα(x)
+
i
2
θ¯γ5θ λα(x) +
1
2
θ¯γµγ5θ ψµα(x)
+
1
2
θ¯θθαF (x) +
1
4
(θ¯θ)2 ηα(x) . (4)
Consequently, the form of Ψ¯α(x, θ) reads
Ψ¯α(x, θ) = χ¯α(x) + θ¯αφ
∗(x) +
1
2
θ¯θ ψ¯α(x)
+
i
2
θ¯γ5θ λ¯α(x) +
1
2
θ¯γµγ5θ ψ¯µα(x)
+
1
2
θ¯θθ¯αF
∗(x) +
1
4
(θ¯θ)2 η¯α(x) . (5)
If we consider the fermionic superfield with mass dimen-
sion 12 , the mass dimension of the component fields are
[χ] =
1
2
, [φ] = 1 , [ψ] = [λ] = [ψµ] =
3
2
,
[F ] = 2 , [η] =
5
2
. (6)
Notice that actually φ, ψ, and F have the same mass
dimensions of the corresponding fields of the WZ model.
The supersymmetry transformations of the component
fields can be directly obtained by the general supersym-
metry transformation relation
δΨα = (ξ¯Q)Ψα , (7)
which leads to
δχα = ξαφ ,
δφ = −
i
4
ξ¯∂/χ−
1
4
ξ¯ψ −
i
4
ξ¯γ5λ+
1
4
ξ¯γ5γ
µψµ ,
δψα =
i
2
(
∂/φξ
)
α
+
1
2
ξαF ,
δλα =
1
2
(
γ5∂/φξ
)
α
+
i
2
(
γ5ξ
)
α
F ,
δψµα =
i
2
(
γ5γµ∂/φξ
)
α
−
1
2
(
γ5γµξ
)
α
F ,
δF =
i
4
ξ¯∂/ψ +
1
4
ξ¯γ5∂/λ+
i
4
ξ¯γµγνγ5∂µψν −
1
4
ξ¯η ,
δηα =
i
2
(
∂/Fξ
)
α
. (8)
We observe that the usual transformations of the com-
ponent fields of the WZ model are embodied in (8).
Before going on, it is opportune to make a comment
about the number of bosonic and fermionic degrees of
freedom that appear in (4) and (5). At first sight, they
are not the same. There are thirty two fermionic degrees
of freedom and apparently much less bosonic ones. What
happens is that the bosonic quantities φ and F are not
representing just single fields. Instead the quantity θαφ,
we must read more generically [11]
θαφ −→ θαφ+ (γ5θ)αφ˜+ (γ
µθ)αAµ
+ (γ5γ
µθ)αA˜µ +
1
2
(σµνθ)αBµν (9)
that corresponds to sixteen degrees of freedom and the
same occurs for the term with F .
4. The most general supersymmetric Lagrangian den-
sity expressed in terms of the spinor superfields, not con-
taining high derivatives and nonlocal terms, has the form
(up to some overall constant factor)
L = D¯αΨαDβΨ¯β + a D¯αΨβDαΨ¯β , (10)
where a is a relative normalization parameter that shall
be conveniently fixed. After a long algebraic calculation,
we obtain that the (θ¯θ)2 component of L is given by
L(θ¯θ)2 =
(
2a+
1
2
)
ψ¯η −
(
2a+
1
2
)
λ¯∂µψµ
−
(
a+
1
4
)
ψ¯✷χ+ (a− 1)FF ∗ − aφ✷φ∗
+
i
4
ψ¯∂/ψ +
1
2
ψ¯γ5∂/λ+
i
2
ψ¯γ5∂
µψµ
+
i
2
λ¯γ5η +
i
4
λ¯∂/λ+
1
2
ψ¯µγ
µγ5η
2
+
i
4
ψ¯µγ
µγν∂/ψν +
i
2
η¯∂/χ−
i
4
χ¯γ5✷λ
+
1
4
χ¯γ5γ
µγν∂/∂µψν . (11)
We notice that the bosonic quantities φ and F do not
mix with any fermionic fields and their equations of mo-
tion are the usual ones that appear in the WZ model
(up to the generic scaling parameter a). Concerning the
equations of motion for the fermionic fields, we have
2(4a+ 1) η − (4a+ 1)✷χ+ 2i∂/ψ + 2γ5∂/λ+ 2iγ5∂
µψµ = 0 , (12)
(4a+ 1)ψ + iγ5λ− γ5γ
µψµ + i∂/χ = 0 , (13)
2(4a+ 1) ∂µψµ + 2γ5∂/ψ − 2iγ5η − 2i∂/λ+ iγ5✷χ = 0 , (14)
2(4a+ 1) ∂µλ− 2iγ5∂
µψ + 2γµγ5η + i(γ
µγργν + γνγµγρ)∂νψρ + γ5γ
νγµ∂/∂νχ = 0 , (15)
(4a+ 1)✷ψ − 2i∂/η + iγ5✷λ− γ5γ
µγν∂/∂µψν = 0 . (16)
As it has been emphasized, the procedure of embed-
ding must not affect the physics we already know for the
initial theory. We can verify that this is actually the
case by combining these equations to obtain equations of
motion for each component field. For example, by using
(13) and (14) we eliminate λ and η from the remaining
equations. The result is
4a ∂/ψ − 2(2a+ 1)γ5∂
µψµ + γ5∂/γ
µψµ + i✷χ = 0 , (17)
2(2a− 1) ∂/ψ + 4γ5∂
µψµ + γ5∂/γ
µψµ + i✷χ = 0 , (18)
∂/ψ + γ5∂
µψµ = 0 . (19)
The analysis of these equations shows us that for a = −2
they are not independent. On the other hand, for a 6= −2
we get
∂/ψ = 0 , (20)
∂µψµ = 0 , (21)
✷χ− iγ5∂/γ
µψµ = 0 . (22)
Introducing these results into (13) and (14), one obtains
the following equations involving λ and η
∂/λ = 0 , (23)
✷χ− 2η = 0 . (24)
We then observe that the equations of motion of the
WZ model are obtained among all the equations of the
general model. Hence, the WZ model is actually embed-
ded in the Lagrangian (11). However, this compatibility
with the WZ model did not permit us to completely fix
the relative parameter a. It just says it has to be different
from −2. We also observe that it cannot be one because
it would rule out the term in FF ∗ of the Lagrangian (11).
5. Let us now see that the embedding Lagrangian (11)
exhibits a kind of gauge symmetry for a specific value of
the parameter a. Taking a generic variation of the La-
grangian we obtain
δL = δψ¯
[(
2a+
1
2
)
η −
(
a+
1
4
)
✷χ+
i
2
∂/ψ +
1
2
γ5∂/λ+
i
2
γ5∂
µψµ
]
+δη¯
[(
2a+
1
2
)
ψ +
i
2
γ5λ−
1
2
γ5γ
µψµ +
i
2
∂/χ
]
−δλ¯
[(
2a+
1
2
)
∂µψµ +
1
2
γ5∂/ψ −
i
2
γ5η −
i
2
∂/λ+
i
4
γ5✷χ
]
+δψ¯µ
[(
2a+
1
2
)
∂µλ−
i
2
γ5∂
µψ +
1
2
γµγ5η +
i
4
(γµγργν + γνγµγρ)∂νψρ +
1
4
γ5γ
νγµ∂/∂νχ
]
−δχ¯
[(
a+
1
4
)
✷ψ −
i
2
∂/η +
i
4
γ5✷λ−
1
4
γ5γ
µγν∂/∂µψν
]
+ δA∗✷A+ δF ∗F . (25)
Looking at the equation of motion (22), it suggests us
that a possible gauge transformation for ψ¯µ should have
the form
δψ¯µ(x) = α¯(x)γµγ5 , (26)
where α(x) is a Majorana spinor that plays the role of a
gauge parameter. Keeping in mind the mass dimension
of the fields that appear in (25), we infer that the gauge
transformations for the remaining fields should be
3
δψ¯(x) = b α¯(x) ,
δη¯(x) = c ∂µα¯(x)γ
µ ,
δλ¯(x) = d α¯(x)γ5 ,
δχ¯(x) = e
1
✷
∂µα¯(x)γ
µ ,
δA∗(x) = 0 ,
δF ∗(x) = 0 , (27)
where b, c, d, and e are parameters to be conveniently
fixed. Replacing (26) and (27) into (25) we get that the
necessary condition to get the symmetry is
2b+ 2ic+ 2id− ie = 8a+ 2 ,
2b+ (4a+ 1)2ic+ 2id− (4a+ 1)ie = 2 ,
(4a+ 1)b+ id− ie = 4 ,
(4a+ 1)b+ 2ic+ id = −2 . (28)
These correspond to the coefficients of α¯γ5∂/λ, α¯∂/ψ, α¯η,
and α¯✷χ, respectively. There is still another equation to
be verified which is related to the field ψµ, namely
(−6i+ 2c+ e) α¯γ5γ
µ∂/ψµ
+ [4i+ 2bi− 4c− 2d(4a+ 1)] α¯γ5∂
µψµ = 0 , (29)
where one cannot infer any conclusion for the coefficients
of α¯γ5γ
µ∂/ψµ and α¯γ5∂
µψµ because these terms are not
independent.
Considering the set given by (28), one can solve it to
express b, c, d, and e in terms of a. The result is b = −1,
c = 2i, d = −i(4a + 3), and e = 2i (it is important to
mention that this solution exists only if a 6= 0). Intro-
ducing now this result into (29), we get a providential
cancelation of the first term. The second one becomes
a(a+ 1) α¯γ5∂
µψµ = 0 . (30)
Since a cannot be zero, we get that the symmetry given
by (26) and (27) fixes the parameter a into −1 (this value
is compatible with all the previous boundary conditions).
6. In this work we have embedded the WZ model in a
wider superspace than the one described by chiral and an-
tichiral superfields. We have show that just the fermionic
general superfield is appropriated to be used and the con-
sistency condition of the embedding is verified by showing
that the same equations of motion of the WZ model are
among the equations of motion of the general model. Fi-
nally, we have also shown that the embedding theory has
a kind of gauge symmetry. This symmetry permit us to
fix a relative parameter that appear in the two terms of
the Lagrangian.
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APPENDIX A:
In this Appendix, we present the notation, conven-
tion and the main identities used throughout the pa-
per. The gamma matrices satisfy the usual relations
{γµ, γν} = 2ηµν and γµ = γ0γµ†γ0. We adopt the metric
convention ηµν = diag.(1,−1,−1,−1). We take the com-
pletely antisymmetric tensor ǫµνρλ given by ǫ0123 = 1.
The matrices γ5 and σ
µν are defined as
γ5 = iγ
0γ1γ2γ3 , (A.1)
σµν =
i
2
[γµ, γν ] . (A.2)
Let us list below some useful identities involving
gamma matrices
γµγνγρ = ηµνγρ − ηµργµ + ηνργµ − iǫµνρλγ5γλ , (A.3)
γ5γ
µγν = ηµνγ5 +
1
2
ǫµνρλσρλ , (A.4)
γ5σ
µν =
i
2
ǫµνρλσρλ , (A.5)
γµσρλ =
i
2
(ηµργλ − ηµλγρ) +
1
2
ǫµρλνγ5γν , (A.6)
σµνγρ =
i
2
(ηνργµ − ηµργν) +
1
2
ǫµνρλγ5γλ , (A.7)
σµνσρλ =
i
4
ǫµνρλγ5 +
1
4
(ηµρηνλ − ηµληνρ)
−
i
2
(ηµρηναηλβ + ηνληµαηρβ − ρ↔ λ) . (A.8)
Further
tr γµγν = 4ηµν ,
tr γ5 = 0 ,
tr γ5γ
µγν = 0 ,
tr γ5γ
µγνγργλ = 4iǫµνρλ ,
tr σµνσρλ = 4(ηµρηνλ − ηµληνρ) . (A.9)
Considering ψ and χ as Majorana spinors, we also have
ψ¯χ = χ¯ψ , (A.10)
ψ¯γ5χ = χ¯γ5ψ , (A.11)
ψ¯γµγ5χ = χ¯γ
µγ5ψ , (A.12)
ψ¯γµχ = −χ¯γµψ , (A.13)
ψ¯σµνχ = −χ¯σµνψ , (A.14)
ψ¯γµγνχ = χ¯γνγµψ . (A.15)
Using the relations (A.3)-(A.15), we obtain additional
relations
4
ψ¯γ5σ
µνχ = −χ¯γ5σ
µνψ ,
ψ¯γ5γ
µγνχ = χ¯γ5γ
νγµψ ,
ψ¯γµγνγρχ = −χ¯γργνγµψ ,
ψ¯γ5γ
µγνγρχ = χ¯γ5γ
ργνγµψ ,
ψ¯γ5γ
ρσµνχ = −χ¯γ5σ
µνγρψ ,
ψ¯σµνγργλχ = χ¯γλγρσµνψ ,
ψ¯γ5σ
µνγασρλχ = χ¯γ5σ
ρλγασµνψ . (A.16)
The Fierz identity reads
1
4
(ΓA)αβ(ΓA)σρ = δαρδβσ , (A.17)
where ΓA is generically representing the independent ma-
trices: Γ1 = 1, Γ2 to Γ5 = γµ, Γ6 = γ5, Γ
7 to Γ10 = γµγ5,
Γ11 to Γ16 = σµν . Concerning to ΓA, the corresponding
relations are almost trivial, we just have to notice the
inverse order between γ5 and γµ from Γ7 to Γ10 = γ5γµ.
Using the Fierz identity, we obtain
θαθ¯β = −
1
4
δαβ θ¯θ −
1
4
γ5αβ θ¯γ5θ
−
1
4
(γµγ5)αβ θ¯γ5γµθ ,
θ¯γ5θ θ¯α = −θ¯θ (θ¯γ5)α ,
θα θ¯γ5θ = −(γ5θ)αθ¯θ ,
θ¯γ5γµθ θ¯α = −θ¯θ (θ¯γ5γµ)α ,
θα θ¯γ5γµθ = −(γ5γµθ)αθ¯θ ,
θ¯γ5θ θ¯γ5θ = − (θ¯θ)
2 ,
θ¯γµγ5θ θ¯γ
νγ5θ = η
µν(θ¯θ)2 ,
θ¯θ θ¯γ5θ = 0 ,
θ¯θ θ¯γµγ5θ = 0 ,
θ¯γ5θ θ¯γ
µγ5θ = 0 . (A.18)
The supersymmetry charge and derivative operators
are defined by
Qα =
∂
∂θ¯α
+ i(γµθ)α∂µ ,
Q¯α = −
∂
∂θα
− i(θ¯γµ)α∂µ ,
Dα =
∂
∂θ¯α
− i(γµθ)α∂µ ,
D¯α = −
∂
∂θα
+ i(θ¯γµ)α∂µ . (A.19)
Positive and negative chiralities are defined as
θ± =
1
2
(1 ± γ5)θ , (A.20)
consequently,
∂
∂θ±
θ± =
1
2
(1± γ5) ,
∂
∂θ¯±
θ¯± =
1
2
(1∓ γ5) ,
∂
∂θ±
θ¯± =
1
2
(1± γ5)γ
0 ,
∂
∂θ¯±
θ± =
1
2
(1∓ γ5)γ
0 ,
∂
∂θ±
θ∓ = 0 ,
∂
∂θ¯±
θ¯∓ = 0 ,
∂
∂θ±
θ¯∓ = 0 ,
∂
∂θ¯±
θ∓ = 0 . (A.21)
The positive and negative chiral superfields satisfy
D∓Φ± = 0 . (A.22)
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